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Regression: Output a scalar

e Stock Market Forecast

) = Dow Jones Industrial
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Example Application

 Estimating the Combat Power (CP) of a pokemon
after evolution
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Step 1: Model

y=b+w:-x,

w and b are parameters
(can be any value)

- fiy=10.0+9.0-x,
A SEt_Of — f,ry=9.8+9.2x,
function  f  f, ... fy=-08-12-x,
...... infinite
Ll
£ ﬁﬁ; x) = CP after y
il evolution
\ xi:xcp, th, XwirXp -
Linear model: y = b + z W;X; feature

w;: weight, b: bias



Step 2: Goodness of Function

y=b+w:-x,

function function
Input: Output (scalar):

Training
Data 1Eevieel

HP81/81




Step 2: Goodness of Function

Training Data: 1600 - . i
10 pokemons
1400 -1 B
1 a1 1200 4 B
(x*,9) 5
T 1000 -
~ 2 n Hn
(x%,9%) 2 a0 (%8, 9") _
5
=
T E00 - \ e -
[
400 -+ . B
(x10 $10) ba— . i
D 9 . T T T T I I
ThIS iS real data 0 100 200 300 400 500 e00 700
’ Original CP

Source: https://www.openintro.org/stat/data/?data=pokemon



Step 2: Goodness of Function

y=b+w:-x,

Loss function L:
A set of

: —— Input: a function, output:
function 7 f,, f, - how bad it is
1 10 _ Estimation error
2
Goodness of L(f) — 2 (5}” — f(x2 )-‘
function f - _(:C:L)

Estimated y based

Sum over examples . )
on input function

Training L(W b) 10

Data 2 A" —(b+w- xcp))



Step 2: Goodness of Function
L(w,b) =Z()’7"—(b+w-x?p))2

n=1

* Loss Function

Each pointin
the figure is a 3
function

= 0
The color ] i
represents
L(w,b).
—4 ] Very large -
(true example) -200 ~180 ~160 ~140 ~120

b



Step 3: Best Function

L(w,b)
10
Mode 2
- =2, ("G
function ]

1

{Goodness of |Pick the “Best” Functionl
function f _ g
Y w*, b* = arg min L(w, b) Descent
Training Wb 10
Data = arg min z (37” — (b +w - x?p))z
w,b

n=1



http://chico386.pixnet.net/al
bum/photo/171572850

Step 3: Gradient Descent
w* = arg mMi]n L(w)
* Consider loss function L(w) with one parameter w:

» (Randomly) Pick an initial value w°

» Comput

e_lw =0

Negative ‘ Increase w
Positive ‘ Decrease w

wo W




http://chico386.pixnet.net/al
bum/photo/171572850

Step 3: Gradient Descent
w* = arg mMi]n L(w)
* Consider loss function L(w) with one parameter w:
» (Randomly) Pick an initial value w®

dL
» Compute ——|,,_,0 " 0 dL

whew? =0y oo

n is called
“learning rate”



Step 3: Gradient Descent
w* = arg mMi]n L(w)
* Consider loss function L(w) with one parameter w:

» (Randomly) Pick an initial value w°

dL
ar dL
Loss > Compute dw lw=we wl «w? — n—- dw | =0
L(w) dL
. » Compute —|,, =1 5 dL
2 aw W2 e wl == |y

...... Many iteration

* hhbLIT Local
. minima
N 4

global
minima

W

wo wl w2 w'
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Step 3: Gradient Descent|  |aL

| gp 1 gradient

* How about two parameters? w*, b™ = arg milgl L(w,b)
w,
» (Randomly) Pick an initial value w?, b°
aL
> Compute—|W =wO,b=b% 5, lw=w0 p=p°
dL dL

1 0 1
W« W- — 1= |w=wd p=50 bl « b° — w0 h—hO
aW |W w",b=b T] ab |W—W b=b

JoL

oL
» Compute > lw=wp=p1s 57 lw=w1 p=p

oL , . oL
W (_W _nawlw wlp=p1 bc < b _TI%|W=W1,I)=D1



Step 3: Gradient Descent

(55005000 —————15.000° SRS
a) e — 1 TP

Color: Value of
W of Loss L(w,b)




Step 3: Gradient Descent

* When solving:

0" = arg max L(6) by gradient descent

* Each time we update the parameters, we obtain 6
that makes L(8) smaller.

L(6°) > L(8Y) > L(6?) > -

Is this statement correct?



Step 3: Gradient Descent

10"

P
0;'0 é‘:‘\\\\\\\\ e

Very slow at | e
the plateau i

Stuck at
saddle point §

i oL/ow i OL/ow
=0 : =0 P =

The value of the parameter w



Step 3: Gradient Descent

* Formulation of dL/0w and dL/db

10
L(w,b) = Z y— (b +W-x?p)
n=1




Step 3: Gradient Descent

* Formulation of dL/0w and dL/db

10
L(w,b) = Z y— (b +W-x?p)
n=1



How’s the results?

y=b+w-x,

b=-188.4
w=2.7 %
Average Error on ?ﬁ
Training Data £
10 -
1 2 .
= — e =
10 31.9
n=1

Training Data
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How’s the results? Whatwereally care
about is the error on

- Generalization new data (testing data)

Another 10 pokemons as testing data

y=b+w-x .

P 1600 - +
= - 1400 4
b =-188.4 How can we .
=~ 1200 -
w=2.7 £ do better?
3 1000 -
Average Erroron z _ |
Testing Data z
; 600 .
10 -
1 400 -
— n _ ]
—1026 =350 . .
n=1 .
0 1= :

> Average Error on 0 100 00 300 400 500 600
. . Original CP
Training Data (31.9)

700



Selecting another Model

y=b+w, "Xpt Wy (ch)2

Best Function

b=-10.3
w,=1.0,w,=2.7x1073
Average Error =15.4

Testing:

Average Error = 18.4

Better! Could it be
even better?

CF after evoluation

CF after evoluation

1600

1400 4

1200 4

1000 4

800 4

GO0 H

400

200 4

1600

1400 4

1200 4

1000 4

800 4

GO0 H

400

200 4

I I I I I I
100 200 300 400 500 600

700
Original CP
i i
I I I I I I
100 200 300 400 500 200 700

Original CP



Selecting another Model

y=b+w,- Xept Wy~ (ch)z

+Wj - (ch)3

Best Function

b=6.4,w,=0.66
w,=4.3x103

w, =-1.8 x10°
Average Error = 15.3

Testing:

Average Error = 18.1

Slightly better.
How about more
complex model?

CP after evoluation

CP after evoluation
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1400

1200

1000

800 4

GO0

400 ~

200

1600
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1200

1000

800 4

GO0

400 ~

200
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700
Original CP
I I I I I I
100 200 300 400 500 B00 700

Original CP



Selecting another Model

y=b+w,- Xept Wy~ (ch)z
+ W3+ (X )2+ wy - (%)

Best Function

Average Error = 14.9

Testing:

Average Error = 28.8

The results become
worse ...

CF after evoluation

CF after evoluation

1600

1400 4

1200 4

1000 4

800 4

GO0 H

400

200 4

I
0 100

I
200
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300 400
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700
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Selecting another Model

y=b+w X, +Ww,: (ch)z
+ W3+ (X )2+ wy - (%)
+ W - (ch)5

Best Function

Average Error =12.8

Testing:

Average Error =232.1

The results are so bad.

CP after evoluation

CP after evoluation

1600 -

1400 4

1200

1000 4

800 4

B00 H

400 -+

200 1

I I I I
100 200 300 400
Original CP
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500

I
600

700
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600
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Training Data

Model Selection -

‘é 5
"'j: 20
a
. & 15
y=b+w:-x, 2
10
_ , : 2 5
y=b+w, Xept W, (ch) n
- 1 4
—_— (] . 2
y=b+w, Xept W, (ch)
, 3
+ Wy - (X,)
—_— . ° 2
y=b+wg X+ W, (x,) —

—

+ Wy e (X )2+ wy - (x)?

y=b+wy X, +w,: (ch)z
+ Wy e (X )2+ wy - (x )
+ W - (xcp)5

A more complex model yields
lower error on training data.

If we can truly find the best function



Model Selection

100 b
Training| Testing

B0
60 Overfitting 1 S || 2edd
2 15.4 | 18.4
40
3 15.3 | 18.1
20 N O 4 149 | 28.2
0 5 12.8 | 232.1
1 2 3 il 5

—Training Testing

A more complex model does not always lead to
better performance on testing data.

This is Overfitting. ‘ Select suitable model




Let’s collect more data

CFP after evoluation

1600 - . I
oo 4 There is some hidden i
1500 factors not considered in .
the previous model ......
1000 - I
200 - N
.I
600 o i
L]
[
400 1 o a® =
o  Lee®
200 I:-:" - .
D _JI I I ] I I I
0 100 200 300 400 500 600 700

Original CP



What are the hidden factors?

1600 -

1400 -

n
IT'.I
=
2

1000 -

g00

CP after evoluatio

"1 Pidgey

00 ORK) @
-

200 -

A1 vdle
P e
v ) . 5 )

T T | , | |
’ 100

Caterpie

(kF5d)



Back to step 1: ~
Redesign the Model SLAPAL

Linear model?

X
Xs = species of x
)\ 4
If x, = Pidgey: y =by +wy - xg
If x; = Weedle: y = by +wy - xg,
If x; = Caterpie: Yy =bz+ws-xgp
If x, = Eevee: Y =by+ Wy xg

4

y



Back to step 1. B -
Redesign the Model Y=o z £

Linear model?
y =by-
X
+W1 cp 5(x, = Pidgey)
+b, |
2 (=1 If x; = Pidgey
+W2 <
+bs - _=0 otherwise
s If x; = Pidgey
+b, - y=b1+w1.xcp
+w,




Average error
=3.8

Average error
=14.3

CP after evoluation

CP after evoluation
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Are there any other
hidden factors?
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Back to step 1.
Redesigh the Model Again

Training Error
=1.9

Testing Error
=102.3

Overfitting!



Back to step 2: Regularization

y g The functions with
> smaller w; are better

L= z y" = (b + 2 Wixi> +AZ(Wi)2
n
» Smaller w; means ... y=b+ zwixi

Yy + z w;Ax; = b + z w; (x;+Ax, )

» We believe smoother function is more likely to be correct

Do you have to apply regularization on bias?



A [Training [Testing

Regularization

120 smoother
100
80 10000
60 10000
40
20 ——
; How smooth?
0 | 10 100 1000 10000 100000  Select A obtaining
—Training —Testing the best model

» Training error: largerA, considering the training error less

» We prefer smooth function, but don’t be too smooth.



Matrix Form y =X0 + €

Ground truth Feature matrix Error
y € R" X € R™*¢ 0 eR? g€ R"

=

X;eER
vector of t

With biasterm: d = m + 1 (denote x; ,,,; = 1)
No bias term: d=m

Sum of Squared Error: Sum of Absolute Error:
et +-+ei = llell3 ler] + -+ len| = llelly



Famous Regression Methods

y=X0+e=>e=y—X0

Q =diag(wyq, ..., wy)

Regression L(O) w; 0 0
methods |0 @
Least-squares linear : W
y > i Xi0)? Iy - X613 O
regr. i
Weighted least z . Quadratic cost;
w;(y; — X;0) - X0)TQ(y — X0 R
squares AT S ) ey ) minimize w/calculus
Ridge regr. D Gi—Xi0? +2) wZ Iy~ X6l + Alwl
uadratic
LASSO > Gi-X02 42wl lly—xol3+Alwll, | .
i i programming
Least absolute z =
deviations il% X6l ly = X6ll, Linear
Chebyshev criterion max|y; — X;0]| ly — X60||o programming
l

We usually do not pose regularization on the bias term b
(a larger bias does not make the model more “non-smooth”)



Minimize Quadratic Cost with Calculus

* For least-squares linear regr., write
L(0) = |ly —X0|l5 = (y —X0)" (y — X0)
=yTy—0"X"y — yTX0 + 0" X"X0
e Taking gradient
VoL(0) = 2XTX0 — 2XTy
* Optimal solution occurs when gradient vanishes, namely
0" = (XTX)"1XTy

For students obsessed with rigorous math:

Q: Does gradient equals zero implies minimal solution?

A: Counter-examples exist (think of functions like 63).
A more rigorous proof is to write
LB =0-6)"X"X)0-60)+Qy-yXX'X)'X"y)
and recognize the fact that X” X is positive semi-definite.

Q: What if X" X is not invertible?
A: The optimal solution is not unique. The optimal solution with the

minimum 2-norm is given by 8* = X1y, where X7 is the pseudo-inverse
of X. (Rather technically involved)



Minimize Quadratic Cost with Calculus

Regression Optimal solution
; L(0) (For simplicity assume no

MEthods bias, namely 8 = w)
Least-squares z v a2 N » 0" = (XTX)"1xTy
linear regr. i(y‘ Xi6) ly — X812 (assume XTX is invertible)
Weighted least z 2 — 0" = (XTQxX)"1xTQy

(v: — X X, X
squares iw‘(y‘ i6) s — 25 s — 262 (assume XT QX is invertible)
Ridgereer N i -Xi02+2) w2 lly-X6lZ+alwl3 | ' = (X"X+ D" XTy
l l
Q =diag(wy, ..., w,) Homework questions ©
W 0
01 W, 0 Besides intuitive “proof” (like setting derivatives to zero), you may

- : DU challenge yourself to give rigorous proofs that really convince you,
0 .. wy] and/or cover the more general cases (say when X7 QX is not invertible,
considering the bias term b, etc.).



